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Monte Carlo Simulation of Threshold Bandwidth for
High-Order Harmonic Extraction
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Abstract—The feasibility of bulk semiconductors subjected to
strong periodic electric fields for terahertz radiation generation
due to the high-order harmonic extraction is analyzed by using
Monte Carlo simulations. The high-order harmonic intensity
and the spectral density of velocity fluctuations are calculated
for GaAs, InP, and InN. By comparing the harmonic intensity
with the noise level the threshold bandwidth for high-order
harmonic extraction determined by their ratio is introduced
and evaluated for the above materials. The results show that
semiconductor materials with a high value of the threshold field
for the Gunn-effect are characterized by a high value of the
threshold bandwidth under high-order harmonic generation and,
hence, they are promising materials for microwave generation in
the THz frequency range by high-order harmonic extraction.

Index Terms—Frequency multiplication, Monte Carlo simula-
tion, terahertz generation.

I. INTRODUCTION

T HE CHALLENGE of extending power generation within
the submillimeter and terahertz frequency range is a

persistent issue of advanced solid-state electronics since sev-
eral decades [1]. By recalling that the maximum generation
frequency of today Gunn-devices and IMPATT-diodes is
restricted to the short millimeter wave range (
GHz) [1], the typical method to achieve the THz region is
frequency multiplication. Historically, for this purpose, the
exponential current–voltage– characteristics of Schottky
barrier diodes under forward bias, the variable capacitance
under reverse bias of varactors, etc. are commonly used [2]–[5].
In general, the frequency multiplication is performed by using
second or third harmonics of the fundamental signal. In such a
case to achieve the terahertz region starting from the available
sources of fundamental signal a multicascade multiplication is
performed [1] so that the obtained second or third harmonics
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are further used as a fundamental signal for next multiplication
step. The efficiency of multicascade multiplication is rather
low, therefore, the usage of the fifth- and higher-order har-
monics of the primary signal can be sometimes preferable. In
recent years, significant attention has been paid to the method
of high harmonic generation from bulk materials, such as
Si, GaAs, InP, GaN, etc. [6]–[8]. Here, for the generation of
high-order (odd) harmonics induced by a periodic electric
field of sufficiently large amplitude one takes advantage of
the nonlinearity of the velocity-field characteristic originated
by the threshold character of some microscopic scattering
mechanisms (optical phonon emission, carrier transfer to upper
valleys, etc.). From the theoretical point of view, the response
spectrum of a nonlinear medium subjected to a microwave
electric field can include harmonics of arbitrary high order.
However the extraction of these harmonics is restricted by the
intrinsic high-frequency noise which can mask the generated
high-order harmonics.

In the case of carrier heating under a static field, the intrinsic
noise can be described as velocity fluctuations,

, of the instantaneous velocity with respect to the av-
erage value (regular part) . Since is independent of time,
the regular and noise components are separated in the spectral
representation. Indeed, the regular part has contribution only at
zero frequency, while the noise manifests itself in the whole fre-
quency range up to the cut-off value determined by the rate of
momentum relaxation. By contrast, under an alternating elec-
tric field the regular response, , is a time-periodic function
which, because of the nonlinearity of the velocity-field relation
can contain all high order harmonics of the fundamental signal.
As a consequence, the spectra of the regular and of the noise part
overlap in the whole frequency range. Therefore, to verify the
possibility of extracting high-order harmonics it is necessary to
compare the spectral power of both: the regular and the noise
contributions. This comparison is especially important for the
case of harmonic generation in bulk materials, since the same
scattering mechanisms are responsible for both harmonic gen-
eration and noise.

The aim of this paper is to address this issue by presenting
an original Monte Carlo (MC) calculation of the intrinsic noise
level of a semiconductor sample in the presence of high-order
harmonic generation. At the present time, the MC procedure
[9], [10] based on a numerical solution of the Boltzmann trans-
port equation by stochastic methods is recognized as the most
powerful tool for the study of hot carrier transport and noise in
bulk semiconductors and semiconductor devices (see, for ex-
ample, [6]–[16] and references therein). On the one hand, this
approach provides a complete microscopic picture of carrier
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transport taking into account details of the band structure, scat-
tering mechanisms, peculiarities of carrier dynamics in external
and self-consistent internal fields, device design, etc. On the
other hand, it contains in a natural way the source of fluctuations
caused by the stochastic nature of the quantum-mechanical de-
scription of various interactions. Thus, the MC approach allows
one to simulate at once both the regular and the noise behavior
of carrier response under various biasing conditions.

In the present paper, the fluctuating instantaneous drift ve-
locity is simulated by the single-particle MC method [9], [10]
when a harmonic electric field is applied to a bulk semicon-
ductor. Then, the generated high-order harmonics of the velocity
response and the hot-carrier noise characteristics are calculated
by an averaging of relevant quantities over the simulated tra-
jectory. The results obtained for the regular response are pre-
sented in Section II. Section III is devoted to the calculation of
the spectral density of velocity fluctuations within the correla-
tion function approach. The analysis of the regular and the noise
contributions into the spectrum of the velocity response is per-
formed in Section IV. Here, a comparison between the spectra
obtained within the correlation function and the finite Fourier
transform of the fluctuating signal is carried out. On this basis,
we introduce in Section V the concept of the threshold band-
width for harmonic extraction and provide the prescription to
verify the possibility of extracting the high-order harmonics.
The main conclusions are drawn in Section VI.

II. REGULAR VELOCITY RESPONSE

The general objective of the regular response calculation is
to determine the magnitude of the fundamental and high-order
harmonic generated by the nonlinear medium when a harmonic
electric field at frequency and with
an amplitude sufficiently large for nonlinear velocity field
characteristics to set in, is applied to a bulk material. For this
sake, in the framework of the single-particle MC procedure, the
time dependence of the average drift velocity (i.e., the regular
response) during a period of the harmonic electric field

is determined by averaging over a large numberof such
periods in accordance with

(1)

where belongs to the time interval and is
the velocity component of the single-carrier in the applied field
direction. Then, the Fourier coefficients of the fundamental and
high-order harmonics are calculated as

(2)

where is the harmonic order. In the gen-
eral case, the Fourier coefficients are complex, and theth har-
monic intensity is characterized by the quantity . By aver-
aging over a sufficiently large number of periods in (1), the reg-
ular velocity response and the harmonic intensities can be cal-
culated with sufficiently high accuracy. In other words, in such

Fig. 1. Fourier coefficient squares for: (a) third, (b) fifth, and (c) seventh
harmonics calculated by the MC method for GaAs, InP, and InN atT = 80

K and the harmonic field frequencyf = 200 GHz.

calculations of the regular response characteristics any physical
noise of the nonlinear medium is excluded from consideration.

Fig. 1(a)–(c) reports the intensities of, respectively, the third,
fifth, and seventh harmonic calculated by the MC method for
n-type GaAs, InP, and InN at K as function of the elec-
tric field amplitude for the same fundamental frequency

GHz (due to symmetry reasons, all even harmonics are ab-
sent). Here, the field amplitude is normalized to the value of
the threshold static field for Gunn-effect,
kV/cm for, respectively, n-GaAs, n-InP,and n-InN at 80 K. Elec-
tron scatterings due to ionized impurity, acoustic, and polar op-
tical phonon in each valley, as well as all intervalley transitions
between the equivalent and nonequivalent valleys are accounted
for in the usual way [9], [10]. The parameters of the band struc-
ture and scattering mechanisms are taken from [11] (GaAs and
InP with impurity concentration 10 cm ) and from [12] (InN
with 10 cm ).

The earlier figures evidence quite similar behavior of har-
monic intensities in the compound semiconductors considered
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Fig. 2. Steady-state drift velocity of electrons in bulk materials as function of
the static electric fieldE normalized to the Gunn-effect threshold field equal
to E = 3:25; 9:7; and62 kV/cm for, respectively, GaAs, InP, and InN at
T = 80 K.

here. In all cases there exist two main regions where the
harmonic intensity takes maximum values. To understand
their origin it is worthwhile to compare Fig. 1(a)–(c) with the
static velocity-field relation presented in Fig. 2.
It is evident that the similarity in the field dependence of the
harmonic intensity reproduces the similarity of the
characteristics, which exhibit two main kinks. The first takes
place in the low field region and marks the transition from an
Ohmic to a sub-Ohmic behavior. The transition is associated
with the onset of an intensive polar-optical phonon emission,
which controls carrier heating in the-valley and reduces
considerably the initial slope of . This nonlinearity
originates the first narrow maximum of the harmonic intensity
in the low-field region . The second kink
corresponds to the maximum of the drift velocity and occurs
in the intermediate field region at the threshold value for the
Gunn effect, i.e., in concomitance with the appearance of the
negative differential mobility. This nonlinearity is responsible
for the second wide region of the harmonic intensity maximum
which occurs at amplitudes well above . By comparing the
curves of different materials, we conclude that the higher the

the higher the maximum intensity of generated harmonics.

III. SPECTRUM OFVELOCITY FLUCTUATIONS

To calculate the intrinsic noise associated with velocity fluc-
tuations, we use the approach based on the correlation functions
(CF) implemented to the case of periodic processes. The CF ap-
proach is based on the assumption that the correlation between
fluctuating quantities taken at two different time momentsand

tends to zero when [17]. Since in the gen-
eral case the average value of the instantaneous velocity ,
differs from zero, this requirement can be fulfilled for the CF
constructed only for velocity fluctuations .
Therefore, in the general case of a nonstationary process, the CF
of velocity fluctuations is defined as

(3)

where brackets mean averaging over an ensemble of
different realizations of histories. The mutual indepen-
dence of the belonging to each history at long correlation

Fig. 3. Correlation function of velocity fluctuations in bulk InP at 80 K
subjected to a periodic electric field with amplitudeE = 8 kV/cm and
frequencyf = 200 GHz calculated at different time moments� for: (a)
negative and (b) positive values of the correlation times.

times is the condition which guarantees the nec-
essary convergence to zero of the CF. In accordance with the
Wiener–Khintchine theorem, only under this condition the cor-
responding spectral densities will take finite values. Thus, the
CF approach allows one to describe only the fluctuating part of
the response, not providing any information on the regular part.
Since the process considered here is nonstationary, the two-time
CF defined by (3) can not be transformed into a single-time
CF, which depends on the correlation time only, as
it takes place in the case of stationary processes. Nevertheless,
because of the periodical property of the process considered
here, the following simplifications are possible.

Owing to the periodicity of the applied field and thus of the
regular velocity response, i.e., , where

, in full analogy with (1), the ensemble av-
erage in (3) can be replaced by the average over the sequence of
equivalent time moments , where belongs to the
time interval . As a consequence, the CF is conveniently
represented as a function of the two relevant times, namely,
and , as [17]

(4)

The CF of velocity fluctuations calculated for bulk InP at
kV/cm and fundamental frequency GHz is

shown in Fig. 3 separately for the negative and positive values
of the correlation time [(a) and (b), respectively]. As clearly
evidenced by Fig. 3, such a CF is an asymmetric function of
the correlation time due to the physical inequivalence of times

and with respect to the time, i.e., due to different
conditions for carrier dynamics and heating at various phases of
the microwave field. Due to symmetry reasons,
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, therefore only the part of the CF corre-
sponding to times is shown in Fig. 3. The curve for

gives the variance of velocity fluctuations,
as function of . As expected, the variance reaches the maximum
near the maximum values of the instantaneous microwave field

, i.e., near times and being slightly shifted
due to the inertia of carrier heating. Here the shortest relaxation
of the CF is usually achieved (see Fig. 3). The variance passes
the region of minimum values near (i.e., at )
that corresponds to the longest relaxation time of the CF.

The Fourier transform of with respect to deter-
mines the so-calledinstantaneous[17] spectral density of ve-
locity fluctuations at time moment

(5)

which is a complex quantity due to the asymmetric time de-
pendence of the CF. Due to symmetry reasons [

], the imaginary part of the spectral density of
the CF gives no contribution to the mean spectral density that is
obtained by averaging over the whole set of values ofduring
the period of the regular response

(6)

The mean spectral density given by (6) is a real quantity that
describes the intrinsic noise intensity of the nonlinear medium.
As we shall see later, this spectral density coincides with the
spectral density of velocity fluctuations calculated within the
finite Fourier transformation approach. Thus, (5) and (6) can be
considered as an extension of the Wiener–Khintchine theorem
to the case of a periodic process.

Fig. 4 shows the mean spectral densities of velocity fluc-
tuations calculated by using the CF approach at different
values of and with the same field frequency GHz.
Fig. 4(a)–(c) refers, respectively, to n-GaAs, n-InP , and n-InN.
The general behavior of is analogous to that obtained
for the case of a static applied field [13]–[15], [18]. For the
lowest field, just below , the spectral density exhibits the
usual Lorentzian shape (solid lines in Fig. 4). At increasing
fields, above , the electron transfer to upper valleys starts
to play a predominant role. This leads to a systematic increase
of in the whole frequency range (see dashed curves
in Fig. 4) and in the formation of a peak due to hot-carriers
that takes the maximum value when [see curves
for kV/cm in GaAs, Fig. 4(a); kV/cm in
InP, Fig. 4(b); and kV/cm in InN, Fig. 4(c)]. With
a further increase of , the value of this peak decreases
and shifts to higher frequencies. By comparing the spectra of
different materials we find that the spectral density of velocity
fluctuations in InN is smaller than in GaAs and InP for a factor
of about 2 3, mainly due to the shorter relaxation time of
velocity fluctuations.

To evidence the difference between the cases of static
and periodic fields, it is worthwhile to compare the mean
spectral density of velocity fluctuations by keeping similar
conditions for the various materials. Accordingly, we have

Fig. 4. Mean spectral density of velocity fluctuations in bulk materials:
(a) GaAs, (b) InP, and (c) InN at 80 K subjected to a periodic electric field
with frequencyf = 200 GHz and different amplitudesE calculated by the
CF approach. For comparison, symbols showS (�) calculated at a static
applied fieldE � 3E =

p
2.

considered the curves calculated at harmonic field amplitudes
of kV/cm for, respectively, GaAs, InP,
and InN, i.e., at the same normalized field value .
Since similar conditions of carrier heating under periodic and
static fields occur when , the spectral densities of
velocity fluctuations for the static case have been calculated
at static field values of kV/cm for,
respectively, GaAs, InP, and InN. The results are presented in
Fig. 4(a)–(c) by full triangles. In the high-frequency region
these spectra agree very well with those obtained under peri-
odic conditions, as expected. However, in the low-frequency
region the static spectra are significantly suppressed with
respect to those corresponding to periodic conditions. This
significant reduction of the static spectrum is caused by the
energy relaxation due to electron transfer to upper valleys
which gives negative contribution to [18]. Therefore,
the enhancement of the low-frequency noise spectrum under
the harmonic field conditions is mainly due to the partial
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cutoff of intervalley transitions that occurs in the presence of a
high-frequency periodic field.

IV. SPECTRUM OFVELOCITY RESPONSE

In the previous two sections, we have presented the results of
an independent analysis of the regular and fluctuating parts of
the instantaneous drift velocity of free carriers under the action
of a strong harmonic electric field of high frequency. However,
for the description of the generated harmonics and noise, dif-
ferent mathematical frameworks have been used. The intensity
of harmonics was characterized by the square modulus of their
amplitudes , while the noise intensity was described by the
spectral density of velocity fluctuations . The aim of
this section is to present a way to compare the spectral power of
the generated harmonics with that of the noise, using the results
of the previous sections, i.e., in terms of and . For
this sake we use the finite Fourier transform (FT) of the fluctu-
ating signal which allows one to determine the spectral density
of the instantaneous drift response thus, avoiding its de-
composition into the regular and noise parts.

In the framework of the finite FT [17], the fluctuating velocity
response during the finite time interval is represented
by the Fourier series as

(7)

where , with , and with the
Fourier coefficients given by

(8)

The spectral density of the velocity response is then defined as

(9)

where is the spectral density in the finite time interval
given by

(10)

where brackets mean averaging over an ensemble of dif-
ferent realizations of the random history. To implement
such an averaging in the framework of the single-particle MC
procedure the whole single-particle history simulated by
the MC method is subdivided into a set of subhistories of dura-
tion . The calculation of is then performed in accor-
dance with (8) and (10).

It should be underlined that the spectral density
given by (9) becomes a continuous function of the frequency

only after having performed the limit . However, in
practical calculations the time durationtakes always a finite
value. Therefore, the calculated is determined over a
discrete set of frequency values and, hence, it can be
considered as an average value inside the bandwidth

corresponding to the minimum frequency separation at a
given .

Fig. 5. Spectral density of velocity response calculated for InP by the FT
approach (FT-curve) atT = NT with N = 200. S obtained by the
CF approach is shown by the CF-curve, which practically coincides with the
FT-curve outside the spike points. Open circles are values ofS recalculated
from S with the harmonic amplitudes in accordance with (11).

Since the finite FT approach implies that becomes
independent of the time intervalonly in the limit , dif-
ferent sequencies of can be used to reach this limit.
In numerical calculations it is convenient to chooseas an in-
teger multiple of the fundamental period, i.e., as
with an integer sufficiently large. In this case, only the Fourier
coefficient for which the ratio is an integer number

will contain the contribution of the regular part at the
frequency of the th harmonic. All other Fourier coefficients

, by corresponding to fractional values of , will con-
tain only the noise part.

The spectrum of calculated for bulk InP by using the
FT approach at with is reported as the
FT-curve in Fig. 5 for the harmonic field amplitude
kV/cm and the corresponding frequency GHz. The
spikes in the spectrum correspond to the contribution of the har-
monics of the regular response , while the smooth part
gives the noise level associated with velocity fluctuations, i.e.,

. For comparison, Fig. 5 also reports the results of the
CF approach (CF-curve), which practically coincide with the
FT-curve corresponding to the noise level. In the same figure,
open circles refer to the velocity response spectrum at the har-
monic frequencies calculated in accordance with

(11)

where is obtained with the CF approach and is
the amplitude of the th Fourier harmonic of calculated
in accordance with (1) and (2). The coincidence of the open cir-
cles with the spike tops demonstrates the additivity of the two
components at the discrete set of frequencies. As follows
from (11), the amplitude of a spike with respect to the noise
level is equal to and tends to infinity when
keeping the same spike area within the minimum bandwidth

. This dependence of the harmonics on the dis-
crete set of frequencies when going to the continuous fre-
quency spectrum as is usually described by a-function.
Accordingly, for the spectral density of the velocity re-
sponse can be written as

(12)
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Fig. 6. Comparison of the regular and noise contributions into the velocity
response spectrum calculated for InP atE = 8 kV/cm andf = 200 GHz.
Symbols refer to2jv j while continuous curves presentsS �� at three
different values of the frequency bandwidth�� = 10; 1; and0:1 GHz.

The presence of-functions in (12) means that the regular and
the noise contributions can be compared only as net powers in-
side a certain bandwidth . Such a comparison will be con-
sidered in next section.

V. THRESHOLDBANDWIDTH

The regular contribution to the velocity response spectrum
represented by the quantity calculated for InP at
kV/cm and GHz as a function of the frequency of
odd harmonics with , etc. is shown
in Fig. 6 by symbols. For comparison, the continues curves
show the noise contribution represented by the quantity

at three different values of the frequency bandwidth
GHz.

As follows from Fig. 6, the number of harmonics that can
be extracted and thus observed by an external receiver depends
crucially on the frequency bandwidth used to extract the
harmonics. For example, for the case of GHz, only
first, third, fifth, and seventh harmonics are above the noise
level. This is the reason why only these harmonics are well sep-
arated from the noise level in Fig. 5. In this context, the re-
sults presented in Fig. 5 by the FT-curve play the role of the
signal-to-noise ratio for a receiver with GHz which
corresponds to the minimum resolution used in
numerical calculations of . Of course, the narrower is
the frequency bandwidth used to extract harmonics, the better
are the conditions for harmonic extraction and a larger number
of harmonics can be observed.

Therefore, to characterize the conditions for harmonic extrac-
tion it is worthwhile to introduce a threshold bandwidth defined
as that for which the levels of the regular and noise contribu-
tions are the same. Integration of the right-hand side (RHS) of
(12) around the frequency allows one to define the fre-
quency bandwidth

(13)

in which the net intensity of the noise equals theth harmonic
intensity. Such a bandwidth, which is a function of the inten-
sity and frequency of the applied harmonic field, is an intrinsic
characteristic of the material and plays the role of a threshold
below which it is impossible to extract theth harmonic from

Fig. 7. Threshold bandwidth calculated by (13) for: (a) the third, (b) the
fifth, and (c) the seventh harmonic of the harmonic field applied to bulk
semiconductors at frequencyf = 200GHz as function of the normalized field
amplitudeE =E .

the noise background. In practice, to detect theth harmonic
over the noise level, the bandwidth resolution of the receiver

must be considerably lower than .
To compare different materials, Fig. 7 reports the threshold

spectral resolution calculated in accordance with (13) for
n-GaAs, n-InP, and n-InN at 80 K. Fig. 7(a)–(c) refer to the
third, fifth, and seventh harmonics, respectively. As usually, the
field amplitude is normalized to the threshold static field for
Gunn-effect . Again, the curves show two main regions of
field amplitudes where is maximum, and thus appropriate
for the harmonic extraction. By comparing Figs. 7 and 3 we
conclude that the structure so found is caused mainly by the
field dependence of the harmonic intensity and, in turn, is
originated by the existence of two main regions of nonlinearity.
Due to the relatively weak level of the noise in the low-field
region , the value of the threshold bandwidth around
the first maximum increases additionally with respect to that
in the second region. Furthermore, an additional increase of

is obtained in the case of InN due to a smaller value of



SHIKTOROV et al.: MONTE CARLO SIMULATION OF THRESHOLD BANDWIDTH 1177

the spectral density of velocity fluctuations in comparison with
the cases of GaAs and InP. Thus, materials with high values
of are preferable for the purposes of high-order harmonic
extraction.

VI. CONCLUSION

We have presented a general method to calculate the intrinsic
noise of a semiconductor sample in the presence of high-order
harmonic generation. By using the approach based on the
two-time correlation functions and their spectral densities, the
time and frequency behavior of hot-carrier velocity fluctuations
in bulk semiconductors subject to strong periodic electric
fields is analyzed. The obtained spectral densities of velocity
fluctuations and the generated high-order harmonic intensities
are compared with direct calculations of the velocity response
spectrum by the finite Fourier transform of the fluctuating
signal. On this basis, the threshold frequency resolution which
qualifies the material feasibility for high-order harmonic extrac-
tion is introduced and calculated for relevant III–V and nitride
semiconductors. The results indicate that n-InN is significantly
better than InP and GaAs. Moreover, the general approach
developed here can be applied (with minor modifications) to
the analysis of high-order harmonic extraction in more complex
semiconductor structures and devices such as Schottky barrier
diodes, heterostructure barrier varactor multipliers, etc.
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